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Abstract 
We show that any tree that has a universal minimal total dominating function has one which 
only takes 0-1 values. K 3 demonstrates that this fails for graphs in general. 
Given a graph G =(V, E), for each vertex ve V let F(v) be the set of its neighbours 
(in particular, not including v itself). A total dominating function of G is a function 
f :  V~[0, 1] such that for each v~ V, 
f ly] := ~ f(u)>~l. 
u~F (v) 
Total domination in graphs was first studied by Cockayne t al. in [2], where total 
dominating sets (i.e. sets whose characteristic functions are total dominating) were 
looked at. The notion of a total dominating function was first examined in [6]. In [7], 
(ordinary) dominating functions were first studied; these have the same definition as 
total dominating functions except F(v) is replaced in the definition by the closed 
neighbourhood of v, F [v] = F(v)w {v}. This idea extended the earliest of all these 
related concepts, that of an (ordinary) dominating set. 
Given functions f g: V~[0, 1], say g ~< f if g(v)<~ f(v) for all vE V. We say g < f if 
g ~< fand  g #f .  We then say that a total dominating function f is minimal if there is no 
total dominating function g with g < f .  
The definition of minimal total dominating functions has a useful reformulation, 
given in [6]. Given any two subsets A and B of V we say A totally dominates B (and 
write A ~ B) if for all b ~B, F (b) n A # 0. For any total dominating function f we set 
P ( f )=  {v~V: f(v)>0} and B( f )= {v~V: f[v] = 1}. It is not difficult to see that f is 
minimal if and only if B(f)-,P(f).  
Now, convex combinations of total dominating functions are certainly total domi- 
nating functions. However, minimality need not be preserved under taking convex 
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combinations. To see this, consider the graph K 3 with vertex set {0, 1,2}. Let 
f (0)=f(1)  =g(0)=g(2)= 1 andf(2)=g(1)=0.  Thenfand g are certainly minimal total 
dominating functions, but any non-trivial convex combination of them is not. 
Observe that if f and g are total dominating functions and 2s(0, 1) then 
and 
P (2 f+(1-2)g)=P( f )wP(g)  
B(2f  + (1 - 2) g) = B( f )  n B(g). 
From this and the above characterisation of minimality, it is immediate that if 
any strict convex combination of f and g is minimal, then all strict convex 
combinations are. 
With the above in mind, we say that a minimal total dominating function f for 
a graph G is universal if, given any other minimal total dominating function g and any 
2e(0, l) then 2 f+(1-2)g  is also a minimal total dominating function. For brevity 
we refer to such functions as universals. Questions about convex combinations and 
universals were first studied in [3]. 
Not every graph has a universal (see [6J for an example, or [5] for an example 
which is a tree) and those graphs which do have universals do not necessarily have 
ones taking only 0-1 values. For example, K3 has the function which is identically 1/2 
as a universal, and it is not difficult to see that it is, in fact, the unique one. In 
particular, a minimal total dominating function for K3 which only takes 0-1 values 
takes the value 1 twice, and we have already seen that such a function is not 
a universal. 
The main lemma we shall prove - -  of which the theorem we want is an 
easy corollary - -  is more convenient to state and prove in the language of rooted 
trees. 
Lemma 1. Suppose G = (V, E) is a tree and Vo e V is a distinguished vertex which we shall 
regard as the root of the tree. Suppose f : V~[0, 1] is a minimal total dominating function 
with f (vo)~(O, 1). Then there exists a function g: V--*[0, 1] such that 
(i) g is a minimal total dominating function, 
(ii) g (Vo) = 0, 
(iii) g(v)~{0, 1} for all vertices v at the even-numbered levels in the rooted tree, 
(iv) f(v)=O =~ g(v)=O VveV, 
(v) f (v)= 1 =:, g(v)= 1 Vve V and 
(vi) B(g)~B( f )  and P (g)~P( f ) .  
Proof. We proceed to define a function g 'level by level'. As usual, the nth level 
consists of those vertices at distance n from the root Vo. We shall refer to parents and 
children of vertices; these will have their usual meaning for rooted trees. At odd- 
numbered levels, g will equal f .  We set g(Vo)= 0. Suppose we have defined g up to but 
not including level 2n, where n t> 1, in such a way that conditions (ii)-(v) are satisfied, 
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and such that (vi) holds for all vertices down to level 2n -  2 (and also for those vertices 
at level 2n -  1 which do not have any children). For each vertex Uo of level 2n -  1 in 
turn, we define g on its children at level 2n. Let the parent of Uo be Po. 
If g(po)= 1, then for each child v of Uo set g(v)=0 unlessf(v)= 1 in which case we set 
g(v)  = 1. 
If g(Po) = 0 then by (v) we havef(po) < 1. Sincef [Uo] >t 1, there exists some child v of 
Uo withf(v)>O. If there exists a child vi of Uo withf (v l )= 1 then for each child v of 
Uo set g(v)=O unlessf(v)= 1 in which case we set g(v)= 1. Otherwise, pick some child 
vt of Uo with f(vl)>O. Set g(vl)= 1 and for all other children, v, of Uo set g(v)=O. 
It is straightforward to check that this recursive procedure yields a function g with 
the required properties. Note in particular that minimality follows from (vi) together 
with the minimality off. [] 
This lemma easily implies the theorem we require. 
Theorem 2. Suppose G = ( V, E) is a tree and has a universal total dominating function. 
Then G has a universal taking only integer values (necessarily 0 or 1). 
Proof. Let f be a universal function for G with the smallest possible number of 
non-integer vertices, i.e. with the size of {v~ V:f(v)~(O, 1)} minimal. Suppose there 
exists a vertex Vo with f(vo)e(O, 1). Apply the lemma to obtain a minimal total 
dominating function g. Conditions (ii), (iv) and (v) imply that g has a smaller number 
of non-integer vertices thanf. However, it is easily seen that g is also a universal. For 
suppose h is a minimal total dominating function and 2~(0, 1). Then, by (vi) 
n(2g + (1 -- 2) h) = B(g) c~ n(h) ~_ B( f )  n B(h) = e(2 f+ (1 - ~.) h), 
P(Xg + (1 - 2) h) = P (g)  w P(h) =_ P(f)  u P(h) = P(Xf+ (1 - 2) h), 
and since 2 f+ (1 - 2) h is a minimal total dominating function, 
B(2f+ (1 - 2) h)~P(2f+ (1 - 2) h). Hence n(2g + (1 - 2) h)~P(2g + (1 - 2) h) showing 
that ) .g+(1-2)h  is a minimal total dominating function. As h was arbitrary, g is 
a universal function, contradicting the fact that f was a universal function with 
a minimal number of non-integer values, and proving the theorem. [] 
In [4], a linear-time algorithm is presented for finding a universal minimal 
(ordinary) dominating function for a given tree, if such a universal function exists. The 
algorithm relies on the corresponding result for universal minimal dominating fun- 
ctions to that presented in this paper for total dominating functions, namely that if 
a tree has a universal, it has one taking only the values 0 and 1. Although the problem 
of finding a corresponding algorithm for universal minimal total dominating fun- 
ctions seems less straightforward, it is hoped that the results in this paper will help 
towards solving this problem. 
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